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A GLOBAL CONDITION FOR
PERIODIC DUFFING-LIKE EQUATIONS

PIERO MONTECCHIARI, MARGHERITA NOLASCO, AND SUSANNA TERRACINI

Abstract. We study Duffing-like equations of the type q̈ = q−α(t)W ′(q),with
α ∈ C(R, R) periodic. We prove that if the stable and unstable manifolds to the
origin do not coincide, then the system exhibits positive topological entropy.

1. Introduction

In this paper we consider the class of Duffing-like equations

ẍ = x− α(t)W ′(x), (t, x) ∈ R× R,(1.1)

where we assume:
(h1) α ∈ C(R) positive and T-periodic;
(h2) W ∈ C2(R) and W (0) = W ′(0) = W ′′(0) = 0;
(h3) there exists β > 2 such that 0 < βW (x) ≤W ′(x) · x for any x 6= 0;
(h4) W ′(x) · x < W ′′(x)x · x for any x 6= 0;
(h5) W (x) = W (−x) for any x ∈ R.

We can take W (x) = |x|β with β > 2 as model potentials. Under the above
assumptions, system (1.1) has the origin of the phase plane as a hyperbolic rest
point; a solution is called homoclinic to the origin if x(t) → 0 and ẋ(t) → 0 as
t→ ±∞.

Starting from [3] and [7] the existence of homoclinic motions for periodic Hamil-
tonian systems has been studied by variational methods. Using these techniques,
E. Séré ([17] and [18]) obtained the first multiplicity results for first–order convex
and superquadratic Hamiltonian systems, periodic in time. Analogous results have
been obtained in [8] for second order systems (we mention [11] and the references
therein for more general time dependences). The proof of these results involves the
construction of a class of solutions, called multibump solutions, and reveals some
chaotic features of the dynamics (the presence of an approximate Bernoulli shift
and the positive topological entropy). The main requirement for this construction
is that

the set of homoclinic solutions is countable.(∗)
This condition generalizes to a certain extent other non-degeneracy conditions

that have been used in the Dynamical System Theory in order to detect a chaotic
behaviour. It is worthwhile noticing that (∗) is verified if the stable and unstable
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manifolds to the origin intersect transversally, that is the key assumption in the
classical Smale-Birkhoff theorem (see e.g. [19], [12], [20]). Moreover we mention
the notion of exponential dichotomy used in [14] in proving a shadowing lemma
(see also [5] for a first study of Duffing-like equations).

In this paper, using variational methods, we prove that a shadowing-like lemma
holds for (1.1) whenever the stable and unstable manifolds to the origin do not
coincide (see [2], [4], [6], [16] for others results in this direction).

Let us recall the notions of stable and unstable manifolds. Since the system is T -
periodic we can consider the T -map Φ : R2 → R2, given by Φ(x, p) = (u(T ), u̇(T )),
where u is the solution of (1.1) with initial conditions u(0) = x and u̇(0) = p.
Then, we can define the stable and unstable manifolds to the hyperbolic rest point
(x, p) = (0, 0) as follows:

Ws = {(x, p) ∈ R2 : Φn(x, p) → 0, as n→ +∞},
Wu = {(x, p) ∈ R2 : Φn(x, p) → 0, as n→ −∞}.

Note that Ws ∩Wu \ {0} is the set of initial data of homoclinic solutions.
We prove

Theorem 1.1. If Wu 6= Ws then (1.1) admits multibump-type solutions. Pre-
cisely, there exists a set K of homoclinic solutions of (1.1) that is compact in
C1(R) and such that 0 /∈ K, for which, for any r > 0 there is Nr > 0 such that for
any sequence (pj) ⊂ Z, with pj+1 − pj ≥ Nr, and σ = (σj) ⊂ {0, 1}Z, there exists a
solution vσ of (1.1) which verifies

inf
u∈K

‖vσ − σju(· − pjT )‖C1(Ij) < r,

for any j ∈ Z, where Ij = [pj−1+pj

2 T,
pj+pj+1

2 T ]. In addition vσ is a homoclinic
orbit whenever σj = 0, definitively.

The presence of a multibump dynamics implies in particular that the set of ho-
moclinic solutions cannot be compact up to traslations in C1(R; R). Hence the
assumption Ws 6= Wu is clearly a necessary condition for the theorem. Other-
wise, as a subset of C1(R; R), the set of homoclinics is a one–dimensional manifold,
compact up to T –translations.

The assertion of the theorem can be read as the existence of an approximate
(discontinuous) Bernoulli shift. This implies in particular that if Ws 6= Wu the
system exhibits sensitive dependence on initial data. In fact, a stronger property
holds. Let us introduce the following definition of topological entropy (see e.g.
[15]),

h(Φ) = sup
R>0

lim
ε→0

lim sup
n→∞

1
n

log s(n, ε, R)

with s(n, ε, R) = max{card (E);E ⊂ BR(0),max0≤k≤n |Φk(x) − Φk(y)| ≥ ε, ∀x 6=
y ∈ E}.

Then, if Ws 6= Wu the topological entropy of (1.1) is positive, i.e., the number
of points which are separated by the discrete flow in n-iterations increases expo-
nentially with n.

Indeed, for any u ∈ K, let xu = (u(0), u̇(0)) ∈ R2. Fix r ≤ infu∈K
1
3 |xu| and a

sequence (pk) ⊂ Z such that pk = kNr, (∀ k ∈ Z), where K ⊂ C1(R) and Nr ∈ N
are given by the above theorem. Let σ, σ′ ⊂ {0, 1}Z such that σj 6= σ′j for some
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j ∈ Z and vσ, vσ′ the corresponding solutions of (1.1). Since σj 6= σ′j ∈ {0, 1},
setting τ(σ) = (vσ(0), v̇σ(0)), we have

|ΦjNr (τ(σ)) − ΦjNr (τ(σ′))| ≥ inf
u∈K

|xu| − inf
u∈K

(|ΦjNr (τ(σ)) − σjxu|
+ |ΦjNr (τ(σ′))− σ′jxu|))
≥ inf

u∈K
|xu| − ( inf

u∈K
‖vσ − σju(· − pjT )‖C1(Ij)

+ inf
u∈K

‖vσ′ − σ′ju(· − pjT )‖C1(Ij)) ≥ inf
u∈K

1
3
|xu|

Hence, for ε ≤ infu∈K
1
3 |xu| and R ≥ supu∈K |xu|+ r, we get s(nNr, ε, R) ≥ 2n and

h(Φ) ≥ log 2
Nr

.
The paper is organized as follows: in section 2 we introduce the variational setting

and we recall some preliminary results. In section 3 we study, from the variational
point of view, the consequences of the geometrical assumption Ws 6= Wu. In
particular, we show how this condition allows us to use the multibump construction
developed in [18], which we apply in the last section to prove our result.

In the following we will assume T = 1 and we will denote by C a positive constant
which may be different from time to time.

Acknowledgement. We wish to thank V. Coti Zelati and E. Séré for useful comments
and suggestions.

2. Preliminary results

We look for homoclinic solutions of (1.1) as critical points of the action functional
ϕ(u) = 1

2‖u‖2 − ∫
R α(t)W (u), defined on the Sobolev space X = H1(R) endowed

with the standard euclidean norm ‖u‖2 =
∫

R |u̇|2 + |u|2 dt.
By (h1) and (h2), ϕ ∈ C2(X,R) and ϕ′(u)h = 〈u, h〉 − ∫

R α(t)W ′(u)h, for any
u, h ∈ X . Let us denote K = {v ∈ X \ {0} : ϕ′(v) = 0}.

We note that by (h1) and (h2) the origin in X is a strict local minimum for ϕ.
Indeed, we can fix δ̄ > 0 such that

|α(t)W ′′(x)| ≤ 1
4

∀ t ∈ R and |x| ≤ δ̄.(2.1)

Since W (x) =
∫ 1

0
W ′(sx)·x ds and W ′(x) =

∫ 1

0
W ′′(sx)·x ds, we have |α(t)W (x)| ≤

1
8 |x|2 and |α(t)W ′(x)| ≤ 1

4 |x| for any |x| ≤ δ̄, t ∈ R.
By the Sobolev imbedding theorem there exists M > 0 such that if I ⊂ R is an

interval with |I| ≥ 1 (|I| denotes the measure of I), then

sup
t∈I

|u(t)| ≤M‖u‖I(2.2)

where ‖u‖2
I =

∫
I
|u̇(t)|2 + |u(t)|2dt, u ∈ X . Then there exists ρ̄ > 0 such that

‖u‖I ≤ ρ̄ ⇒ sup
t∈I

|u(t)| ≤ δ̄.(2.3)

We have

Lemma 2.1. ϕ(0) = 0 and if ‖u‖∞ ≤ δ̄, then ϕ(u) ≥ 1
4‖u‖2 and ϕ′(u)u ≥ 1

2‖u‖2.
In particular infv∈K ‖v‖∞ > δ̄.



3716 PIERO MONTECCHIARI, MARGHERITA NOLASCO, AND SUSANNA TERRACINI

By (h3) we get that W (sx) ≥ Csβ as s → ∞ for any |x| = 1. Therefore, since
β > 2, we obtain that if u 6= 0, then ϕ(λu) → −∞ as λ→∞.

We introduce the class of paths

Γ = {γ ∈ C([0, 1], X) : γ(0) = 0, ϕ(γ(1)) < 0}
and we define c = infγ∈Γ maxs∈[0,1] ϕ(γ(s)). By the mountain pass theorem c > 0
and there exists a Palais Smale (PS) sequence at level c, i.e., a sequence (un) ⊂ X
such that ϕ(un) → c and ϕ′(un) → 0.

By (h3) we have also

(
1
2
− 1
β

)‖u‖2 ≤ ϕ(u) +
1
β
|ϕ′(u)u| ∀u ∈ X

from which we derive that the PS sequences are actually bounded sequences.
By periodicity, if (un) ⊂ X is a PS sequence, then for any sequence (tn) ⊂ Z,

(un(· − tn)) is still a PS sequence. Hence, in particular, the Palais Smale condition
does not hold. The asymptotic behaviour of PS sequences can be characterized by
concentration compactness arguments [9]. We have (see e.g. [8] for a proof):

Lemma 2.2. Let (un) ⊂ X be a PS sequence for ϕ at the level b > 0, un →
v weakly in X. Then v ∈ K ∪ {0} and there exist k ∈ N ∪ {0}, k sequences
(t1n), . . . , (tkn) ⊂ Z and k critical points v1, . . . , vk ∈ K such that, as n→∞, up to
subsequences,

1. |tin| → ∞ and |tin − tjn| → ∞ as n→∞ whenever i 6= j;
2. ‖un − v −∑k

i=1 vi(· − tin)‖ → 0 as n→∞;
3. b = ϕ(v) +

∑k
i=1 ϕ(vi).

By lemmas 2.1 and 2.2 we obtain a local compactness property.

Lemma 2.3. If K is a compact subset of X and (un) ⊂ X is a PS sequence of ϕ
such that d(un, K) ≤ ρ̄, then (un) is precompact in X.

By (h4), the mountain pass level c has the following property:

Lemma 2.4. inf{ϕ(u) : u ∈ K} ≥ c.

Proof. If u ∈ K we have that ‖u‖2 =
∫

R α(t)W ′(u)u dt. Therefore for s ∈ R
d

ds
ϕ(su) = s‖u‖2 −

∫
R
α(t)W ′(su)u = s

∫
R
α(t)(W ′(u)u− 1

s
W ′(su)u) dt.

By (h4), for any x ∈ RN \ {0} the function fx(s) = 1
sW

′(sx) ·x is strictly increasing
for s > 0. Then d

dsϕ(su) > 0 for all s ∈ (0, 1) and d
dsϕ(su) < 0 for all s ∈ (1,+∞).

So that the path λu is such that maxλ>0 ϕ(λu) = ϕ(u), and we get inf{ϕ(u) : u ∈
K} ≥ c.

Remark 2.5. Lemmas 2.2 and 2.4 imply that any PS sequence of ϕ at a level
b < 2c admits a subsequence which, up to translations, converges strongly in X to
a critical point v of ϕ such that ϕ(v) = b.

By the above remark, the PS sequence given by the mountain pass theorem
converges (up to subsequences and translations) to a critical point v̄ ∈ K such that
ϕ(v̄) = c.

By (h4) (see the proof of lemma 2.4), if we consider the path γ̄ ∈ Γ defined by
γ̄(s) = ss0v̄, with s0 such that ϕ(s0v̄) < 0, then it satisfies:
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(γ1) maxs∈[0,1] ϕ(γ̄(s)) = ϕ(v̄) = c;
(γ2) ∀ r ∈ (0, ρ̄) ∃hr > 0 such that if γ(s) ∈ X \B r

4
(v̄), then ϕ(γ̄(s)) ≤ c− 2hr.

By a cut-off procedure we then obtain:

Lemma 2.6. v̄ ∈ K is a mountain pass critical point for ϕ. In fact, for any
r ∈ (0, ρ̄) and h ∈ (0, hr) there is a path γ ∈ Γ satisfying:

(i) range γ ⊂ {ϕ ≤ c+ h};
(ii) range γ ⊂ B r

2
(v̄) ∪ {ϕ ≤ c− hr};

(iii) supp γ(θ) ⊂ [−R,R] for any θ ∈ [0, 1], R being a positive constant indepen-
dent on θ.

3. The assumption Ws 6= Wu
and related compactness properties

By (h1) and (h2), we can characterize the local stable and unstable manifolds
as graphs of functions from the configuration to the velocity space.

Lemma 3.1. There exists δ̃ ∈ (0, δ̄) such that if we define Ws
loc = {(x, p) ∈

Ws : |Φn(x, p)| < δ̃ for all n ≥ 0} and Wu
loc = {(x, p) ∈ Wu : |Φn(x, p)| <

δ̃ for all n ≤ 0}, then there exist fs, fu ∈ C2((−δ̃, δ̃),R) such that

Ws
loc = {(x, fs(x)) ; |x| < δ̃}, Wu

loc = {(x, fu(x)) ; |x| < δ̃}.(3.1)

Proof. By continuous dependence on initial conditions we can fix δ̃ ∈ (0, δ̄) such
that if (x, p) ∈ Ws

loc (resp. ∈ Wu
loc), then the solution u of (1.1) corresponding to

this initial condition verifies |u(t)| ≤ δ̄ for any t ≥ 0 (resp. t ≤ 0).
We define ϕ±(u) = 1

2

∫
R± |u̇(t)|2 + |u(t)|2−∫

R± α(t)W (u(t)) dt. By (2.1) we have
that ϕ± is strictly convex on the convex set U±,x = {u ∈ H1(R±), supt∈R± |u(t)| ≤
δ̄, u(0) = x} for any |x| ≤ δ̄.

Therefore the minimum problem

min{ϕ±(u); u ∈ U±,x}(P±,x)

admits a unique solution u±,x for any |x| ≤ δ̄ which turns out to be the unique solu-
tion on R± of (1.1) which verifies the conditions u±,x(0) = x and supt∈R± |u±,x(t)| ≤
δ̄. Since W ∈ C2(R) it follows that the maps f± : (−δ̄, δ̄) → R, f±(x) = u̇±,x(0)
are in fact in C2((−δ̄, δ̄)).

Starting from the local stable and unstable manifolds, it is possible to recover
by backward iterations the global stable and unstable manifolds. We have:

Ws =
⋃
n≤0

Φn(Ws
loc) and Wu =

⋃
n≥0

Φn(Wu
loc).(3.2)

To study the condition Wu 6= Ws we introduce for δ > 0 the functions T±δ :
X → [−∞,+∞] defined by

T+
δ (u) = sup{t ∈ R : |u(t)| = δ} T−δ (u) = inf{t ∈ R : |u(t)| = δ}

with the agreement that T±δ (u) = ∓∞ if ‖u‖∞ < δ.

Lemma 3.2. If Wu 6= Ws, then there exists δ0 ∈ (0,min{δ̃, δ̄
2}) such that

(#)+ 0 6∈ {T+
δ0

(u) : u ∈ K} or (#)− 0 6∈ {T−δ0
(u) : u ∈ K}.
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Proof. If Wu 6= Ws, then by (3.2) at least one of the following cases is verified:
Ws

loc 6⊂ Wu or Wu
loc 6⊂ Ws.

Indeed, if Ws
loc ⊂ Wu, since Wu is Φ−1-invariant, then Φn(Ws

loc) ⊂ Wu for any
n ≤ 0 and Ws ⊂ Wu plainly follows by (3.2). Analogously, if Wu

loc ⊂ Ws, then
Wu ⊂ Ws.

Let us assume that Ws
loc 6⊂ Wu. Then, there exists |δ0| ≤ min{δ̃, δ̄

2} such that
(δ0, fs(δ0)) 6∈ Wu. In addition, by (h5), we have that (−δ0, fs(−δ0)) 6∈ Wu, hence
it is not restrictive to assume δ0 > 0.

This fact implies that if u is a homoclinic solution, then T+
δ0

(u) 6= 0. Indeed, if
otherwise there exists a homoclinic solution u with T+

δ0
(u) = 0, we have |u(0)| = δ0

and |u(j)| < δ0 for any j > 0 and hence, since by (h5) we can assume u(0) = δ0, we
get (u(0), u̇(0)) = (δ0, fs(δ0)) ∈ Wu, a contradiction. The same argument applies
if Wu

loc 6⊂ Ws and in this case we get that there exists δ0 ∈ (0,min{δ̃, δ̄
2}) such that

0 6∈ {T−δ0
(u) : u ∈ K}.

In the following we assume that (#)+ holds, all the arguments being the same
if instead (#)− holds. In the following we set T+(u) = T+

δ0
(u).

From (#)+ we can start applying variational techniques to prove the existence
of multibump solutions.

Lemma 3.3. Let (un) ⊂ X be a PS sequence at level b ∈ [c, 2c). If the sequence
(T+(un)) is a bounded sequence, then there exists v ∈ K such that un → v strongly
in X and T+(un) → T+(v) (up to subsequences).

Proof. Since (un) is a PS sequence there exists a critical point v ∈ K ∪ {0} such
that, up to subsequences, un → v weakly in X . In particular un → v in L∞loc(R)
and since (T+(un)) is bounded there exists R > 0 such that ‖un‖L∞(−R,R) ≥ δ0.
Therefore we have v 6= 0 and since b ∈ [c, 2c), by remark 2.5, we conclude that
un → v strongly in X .

Moreover, let T+(unk
) → t∗ as k → +∞. The lemma follows if we prove that

t∗ = T+(v).
Since un → v in L∞(R), t∗ ≤ T+(v). Arguing by contradiction, assume that

t∗ < T+(v). By continuity there exists ρ ∈ (0, 1
2 (T+(v) − t∗)) such that |v(t)| ≤ δ̄

for any t ∈ [T+(v) − ρ, T+(v)]. Since v̈ = v − α(t)W ′(v), by (h2), there exists
a > 0 such that d

dt |v(t)|2 ≤ −a for all t ∈ [T+(v) − ρ, T+(v)]. Hence we get

|v(T+(v) − ρ)|2 = δ20 −
∫ T+(v)

T+(v)−ρ
d
dt |v(t)|2dt ≥ δ20 + aρ. Hence there exists k̄ ∈ N

such that for any k ≥ k̄ we have |unk
(T+(v) − ρ)| > δ0 and T+(unk

) > T+(v)− ρ,
a contradiction.

Let c∗ ∈ (c, 2c), thanks to the above lemma and (#)+ we can characterize the
critical set K ∩ {ϕ ≤ c∗} as follows:

Lemma 3.4. There exists η ∈ (0, 1
2 ) such that if u ∈ K ∩ {ϕ ≤ c∗}, then T+(u) ∈

[j + η, j + 1− η] for some j ∈ Z.

Proof. By periodicity it is sufficient to prove that there exists η ∈ (0, 1
2 ) for which

if T+(u) ∈ (−η, η) and u ∈ {ϕ ≤ c∗}, then u /∈ K.
If this is not true there exists a sequence of critical points (un) ⊂ K ∩ {ϕ ≤ c∗}

with |T+(un)| ≤ 1
n .

Then by lemma 3.3 we conclude that un → v strongly in X (up to subsequences)
for some v ∈ K and T+(v) = 0, in contradiction with (#)+.
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Let v̄ be the mountain pass critical point considered in lemma 2.6 and let j0 ∈ Z
be such that T+(v̄) ∈ [j0 + η, j0 + 1− η]. We set

K̄ = {u ∈ K ∩ {ϕ ≤ c∗} / T+(u) ∈ [j0 + η, j0 + 1− η]}.
By lemma 3.3 K̄ is a compact subset of X . Moreover K̄ is an isolated set in
K ∩ {ϕ ≤ c∗}. In fact we have

Lemma 3.5. d(K̄,K ∩ {ϕ ≤ c∗} \ K̄) = r0 > 0.

Proof. If the lemma is not true there exists a sequence (un) ∈ K̄ and a sequence
vn ∈ K ∩ {ϕ ≤ c∗} \ K̄ such that ‖un − vn‖ → 0. Since K̄ is compact we can
assume that un → v with v ∈ K̄. Then vn → v and by lemma 3.3 T+(vn) →
T+(v) ∈ [j0 + η, j0 + 1 − η]. But since vn ∈ K ∩ {ϕ ≤ c∗} \ K̄, by lemma 3.4 we
have T+(vn) ∈ ∪j 6=j0 [j + η, j + 1 − η] for any n ∈ N, a contradiction which proves
the lemma.

Let r̄ = 1
2 min{ρ̄, r0}. By lemmas 2.3 and 3.5 we have

Lemma 3.6. For any r ∈ (0, r̄) there exists µr > 0 such that

‖ϕ′(u)‖ ≥ µr for any u ∈ (Br̄(K̄) ∩ {ϕ ≤ c∗}) \B r
4
(K̄).

Finally we state a last compactness property which is due to the regularity of
the functional ϕ.

Lemma 3.7. [0, c∗] \ ϕ(K̄) is open and dense in [0, c∗].

Proof. Since K̄ is compact we have that ϕ(K̄) is a closed subset of R. Therefore it
is enough to prove that |ϕ(K̄)| = 0.

Since ϕ ∈ C2(X,R) and X is a real, separable Hilbert space, it is sufficient to
prove that ϕ′(u) is a (nonlinear) Fredholm operator. Indeed dim Ker(ϕ′′(u)) ≤ 2
for any u ∈ X and we get that |ϕ(K)| = 0 by applying directly a refined version of
the Sard-Smale lemma (see [1], lemma 3.1.47).

We have that ϕ′′(u)h = ḧ− h+ α(t)Wq,q(u(t))h = Lh+ ψ(t)h where we denote
ψ(t) = α(t)Wq,q(u(t)). Since L ∈ L(X,H−1(R)) has bounded inverse, to prove
that ϕ′′(u) is a Fredholm operator, it is sufficient to prove that the multiplication
operator h→ ψh is compact from X → L2(R). This plainly follows since ψ(t) → 0
as |t| → 0. Indeed, since u ∈ X we have that u(t) → 0 as |t| → ∞. Therefore, since
α is bounded and Wq,q(0) = 0, we obtain ψ(t) → 0 as |t| → 0.

Collecting the results obtained above, we have all the ingredients needed to prove
existence of multibump solutions. Precisely, we have the existence of a compact set
of critical points K̄ such that:

(1) Annuli property: For any r ∈ (0, r̄) there exists µr > 0 such that

u ∈ (Br̄(K̄) ∩ {ϕ ≤ c∗}) \B r
4
(K̄) ⇒ ‖ϕ′(u)‖ ≥ µr.(3.3)

(2) Slices property: For any open interval I ⊂ (0, c∗), ∃[a, b] ⊂ I and ∃ν̃ > 0
such that

u ∈ Br̄(K̄) ∩ {a ≤ ϕ ≤ b} ⇒ ‖ϕ′(u)‖ ≥ ν̃.(3.4)

(3) Topological property: For any r ∈ (0, r̄) and h > 0 there exists γ ∈ Γ such
that:
(i) rangeγ ⊂ {ϕ ≤ c+ h});
(ii) rangeγ ⊂ B r

2
(K̄) ∪ {ϕ ≤ c− hr}, hr given by (γ2);
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(iii) supp γ(θ) ⊂ [−R,R] for any θ ∈ [0, 1], R being a positive constant
independent of θ.

These three properties, together with periodicity, are sufficient to apply the Séré
multibump construction [18]. For completeness, we give some details in the next
section.

4. Multibump solutions

To begin let us introduce some notations. For k, N ∈ N we set

P (k,N) = {(p1, . . . , pk) ∈ Zk : pi+1 − pi ≥ 2N2 + 3N ∀ i = 1, . . . , k − 1},
and, for p ∈ P (k,N) we define the intervals:

Ii = (pi−1+pi

2 , pi+pi+1
2 ) (i = 1, . . . , k),

Mi = (pi +N(N + 1), pi+1 −N(N + 1)) (i = 0, . . . , k)

and M =
⋃k

i=0Mi, with the agreement that p0 = −∞ and pk+1 = +∞.
Given ε > 0, let

Mε = {u ∈ X : ‖u‖2
Mi

≤ ε ∀ i = 0, . . . , k }.
In addition, for p ∈ P (k,N) we introduce the functionals ϕi : X → R defined by
ϕi(u) = 1

2‖u‖2
Ii
− ∫

Ii
α(t)W (u)dt, i = 1, . . . , k.

We notice that ϕ =
∑k

i=1 ϕi and ϕi ∈ C1(X,R) with ϕ′i(u)v = 〈u, v〉Ii −∫
Ii
α(t)W ′(u) · v dt for any u, v ∈ X .
Lastly, given p ∈ P (k,N), a compact set K ⊂ X and r > 0 we set

Br(K; p) = {u ∈ X : inf
v∈K

‖u− v(· − pi)‖Ii < r ∀ i = 1, . . . , k}.
We point out that Br(K; p) contains functions with k-bumps. In particular,

each of these bumps is localized on an interval Ii, near a pi translated of some
point v ∈ K.

For any r ∈ (0, r̄), h > 0 we consider the surface Gh : Q = [0, 1]k → X defined
by

Gh(θ1, . . . , θk) =
k∑

i=1

γ(θi)(· − pi).

where the path γ is given by the topological property (3). Note that by the Z-
translational invariance, the path translated by pi ∈ Z satisfies (i)− (ii)− (iii) with
respect to the translated set pi ∗ K̄ = {u(· − pi) : u ∈ K̄}.

If the points pi ∈ Z are sufficiently far away one from the others, then the
supports of the γ(θi)(· − pi) (i = 1, . . . , k) are disjoint. More precisely, we require
N ≥ R, R be given by (3)− (iii), so that supp γ(θi)(·−pi) ⊂ Ii \M and we obtain

ϕ(Gh(θ)) =
k∑

i=1

ϕi(Gh(θ)) =
k∑

i=1

ϕi(γ(θi)(· − pi)).

In other words the functional on the surface Gh separates into the sum of the
truncated functionals on each γ(θi)(· − pi).

Thanks to the annuli and slices properties we can construct for the functional ϕ
and each ϕi a common pseudogradient vector field in Br(K̄; p) to get a deformation
of the surface Gh(Q).
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The existence and the properties of this pseudogradient are stated in the follow-
ing lemma (see [13] for a proof).

Lemma 4.1. Let r ∈ (0, r̄) and r1 < r2 < r3, with r1, r2, r3 ∈ (2
3r,

5
6r). There

exists µ = µ(r, r1, r3) > 0 such that given h ∈ (0, hr), there are two intervals
[c− − λ, c− + 2λ] ⊂ (c − h, c − h

2 ), [c+ − λ, c+ + 2λ] ⊂ (c + 3h
2 , c + 2h) and a real

number ε1 > 0 such that:
∀ ε ∈ (0 , ε1) there exists N0 ∈ N for which for any k ∈ N and p ∈ P (k , N0), there
exists a locally Lipschitz continuous function W : X → X which verifies

(W1) max1≤j≤k ‖W(u)‖Ij ≤ 1, ϕ′(u)W(u) ≥ 0 ∀u ∈ X, W(u) = 0 ∀u ∈ X \
Br3(K̄; p);

(W2) ϕ′i(u)W(u) ≥ µ if r1 ≤ infv∈K̄ ‖u− v(· − pi)‖Ii ≤ r2, u ∈ Br2(K̄; p) ∩ {ϕi ≤
c+};

(W3) ϕi(u)W(u) ≥ 0 ∀u ∈ {c+ ≤ ϕi ≤ c+ + λ} ∪ {c− ≤ ϕi ≤ c− + λ};
(W4) 〈u,W(u)〉Mj ≥ 0 ∀ j ∈ {0, . . . , k} if u ∈ X \Mε.

Moreover if K ∩Br3(K̄; p) = ∅, then there exists µp > 0 such that

(W5) ϕ′(u)W(u) ≥ µp ∀u ∈ Br2(K̄; p).

Then we have

Theorem 4.2. Let (h1)-(h5) and (#)+ hold. Then, for any r > 0 there exists
Nr ∈ N such that for any k ∈ N and p ∈ P (k,Nr) we have Br(K̄; p) ∩ K 6= ∅.
Proof. Let r ∈ (0, r̄

4 ) and r1 < r2 < r3, with r1, r2, r3 ∈ (2
3r,

5
6r). We set ∆ =

µ(r2−r1)
4 , where µ is given by lemma 4.1. We fix h ≤ ∆

16 and we put G = Gh. Let 0 <
ε < 1

4 min{ε1, r2−r23 , c−c−} andN > max {N0, R} be such that supv∈K̄ ‖v‖2
|t|≥N ≤

ε, where N0, ε1, c− are given by lemma 4.1 and R by (3)-(iii) relatively to the value
of r, r1, r2, r3, h fixed above.

Arguing by contradiction we can assume that for the value of r fixed above there
exist k ∈ N and p ∈ P (k,N) such that Br(K̄; p) ∩ K = ∅. By lemma 4.1 there
exists a vector field W satisfying the properties (W1)− (W5) and we consider the
Cauchy problem {

dη
ds = −W(η),
η(0, u) = u.

Since W is a bounded locally Lipschitz continuous vector field we have that for any
u ∈ X there exists a unique solution η(·, u) ∈ C(R+, X), depending continuously
on u ∈ X .

Note that we have G(∂Q) ⊆ X \Br3(K̄; p) and by (W1) we get

η(s,G(θ)) = G(θ) ∀ θ ∈ ∂Q ∀ s ∈ R+.(4.1)

Moreover, for any θ for which G(θ) ∈ X\Br1(K̄; p) there exists i = i(θ) such that
η(s,G(θ)) ∈ {ϕi ≤ c−} for any s ∈ R+. Indeed, if G(θ) ∈ X \Br1(K̄; p), then there
exists i = i(θ) for which infv∈K̄ ‖pi∗γ(θi)−pi∗v‖2 ≥ infv∈K̄ ‖pi∗γ(θi)−pi∗v‖2

Ii
> r21

which implies, by (3)–(ii), that G(θ) ∈ {ϕi ≤ c−}, that is, by (W3), a positively
invariant set.
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Then, since ϕ sends bounded sets into bounded sets we get that there exists
τ > 0 for which ∀u ∈ Br1(K̄; p) there exists s̄ ∈ (0, τ ] such that η(s̄, u) 6∈ Br2(K̄; p).
Indeed, if not, setting σ = supv,w∈Br2(K̄;p) |ϕ(v) −ϕ(w)| and taking τ ≥ 2σ

µp
, by

(W5), we get

σ ≥ |ϕ(η(τ, u))− ϕ(u)| =
∫ τ

0

ϕ′(η(s, u))W(η(s, u)) ≥ τµp ≥ 2σ,

a contradiction.
Hence, for any u ∈ Br1(K̄; p) there is is an index i = i(θ) and an interval [s1, s2] ⊂

(0, τ ] such that infv∈pi∗K̄ ‖η(s1, u)− v‖Ii = r1, infv∈pi∗K̄ ‖η(s2, u)− v‖Ii = r2 and
r1 ≤ infv∈pi∗K̄ ‖η(s, u) − v‖Ii ≤ r2 for any s ∈ (s1, s2). Then, by (W2), for any
θ ∈ Q for which G(θ) ∈ Br1(K̄; p), we have ϕi(η(s2, G(θ))) ≤ ϕi(η(s1, G(θ)))− 2∆.
Since by construction G(θ) ∈ {ϕi ≤ c+} and since, by (W3), {ϕi ≤ c+} is positively
invariant, we get ϕi(η(s2, G(θ))) ≤ c+ − 2∆ < c−. Therefore ϕi(η(τ,G(θ))) ≤ c−
follows from the positive invariance of {ϕi ≤ c−} given by (W3).

Collecting the results and setting Ḡ(θ) = η(τ,G(θ)), we obtain

∀ θ ∈ Q, ∃i ∈ {1, . . . , k} / ϕi(Ḡ(θ)) ≤ c−.(4.2)

Thanks to this last property we can select on Q a path ξ joining two opposite faces
{θi = 0} and {θi = 1} along which the function ϕi ◦ Ḡ takes values strictly less
than c for some i ∈ {1, . . . , k}. Precisely:

there exists i ∈ {1, . . . , k} and ξ ∈ C([0, 1], Q) such that
ξ(0) ∈ {θi = 0} , ξ(1) ∈ {θi = 1} and ϕi(Ḡ(θ)) < c−+ε,
for any θ ∈ range ξ.

(4.3)

Indeed, assuming the contrary, the set Di = {θ ∈ Q : ϕi(Ḡ(θ)) ≥ c− + ε } for
any i ∈ {1, . . . , k} separates in Q the faces F 0

i = {θi = 0} and F 1
i = {θi = 1}. For

any i ∈ {1, . . . , k} let Ci be the component of Q \Di which contains the face F 1
i

and let us define a function fi : Q→ R as follows:

fi(θ) =

{
dist (θ,Di) if θ ∈ Q \ Ci,

− dist (θ,Di) if θ ∈ Ci.

Then, fi ∈ C(Q,R), fi|F 0
i
≥ 0, fi|F 1

i
≤ 0 and fi(θ) = 0 if and only if θ ∈ Di. Using

a Miranda fixed point theorem ([10]), we get that there exists θ ∈ Q such that
fi(θ) = 0 for all i ∈ {1, . . . , k}, hence

⋂
iDi 6= ∅, which is in contradiction with the

property (4.2).
Note also that, by (W4), the set Mε is positively invariant and since, by (3)-(iii)

and the choice of N , G(Q) ⊆Mε, we have

η(s,G(Q)) ⊆Mε ∀ s ∈ R+ .(4.4)

Finally, thanks to (4.1), (4.3) and (4.4) we get a contradiction. Indeed, let
χ ∈ C∞(R, [0, 1]) with supt∈R |χ̇(t)| ≤ 1 be such that χ(t) = 1 if t ∈ Ii \M and
χ(t) = 0 if t ∈ R \ Ii, where i ∈ {1, . . . , k} is the index given by (4.3). Notice that
‖χu‖2

Ii∩M ≤ 3‖u‖2
Ii∩M and ‖(1− χ)u‖2

Ii∩M ≤ 3‖u‖2
Ii∩M for any u ∈ X . Then, we

define a path g : [0, 1] → X by setting g(s) = χḠ(ξ(s)) for s ∈ [0, 1]. By (4.1) and
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(3)-(iii) we have that

g(0) = 0 and g(1) = γ(1)(· − pi).

and g ∈ Γ. To get the contradiction, we show that ϕ(g(s)) < c for any s ∈ [0, 1].
Indeed, since Ḡ(ξ(s)) ∈ Mε and ε < c−c−

4 , we get

ϕ(g(s)) = ϕi(g(s)) ≤ ϕi(Ḡ(ξ(s))) +
1
2
‖g(s)‖2

Ii∩M

+
∫

Ii∩M

α(t)(W (Ḡ(ξ(s))) −W (g(s))) dt ≤ c− + 4ε < c.

Finally we note that since the minimum distance N between two adjacent bumps
does not depend on the number of bumps, we can consider the C1

loc closure of the
set of multibump homoclinic solutions given by theorem 4.2 and we obtain the
complete result.
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